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Abstract. In this paper, we introduce a new family of simple games, which is 
referred to as the complementary weighted multiple majority game. For the two 
dimensional case, we prove that there are at most n+l minimal winning coalitions 
(MWC for short), where n is the number of players. An algorithm for computing 
all the MWCs is presented, with a running time of 0(n log «). Computing the main 
power indices, i.e. Shapley-Shubik index, Banzhaf index, Holler-Packel index, 
and Deegan-Packel index, can all be done in polynomial time. Still for the two 
dimensional case, we show that local monotonicity holds for all of the four power 
indices. 

We also define a new kind of stability: the C-stability. Assuming that allocation 
of the payoff among the winning coalition is proportional to players' powers, we 
show that C-stable coalition structures are those that contain an MWC with the 
smallest sum of powers. Hence, C-stable coalition structures can be computed in 
polynomial times. 

Keywords: complementary weighted multiple majority games; simple games; 
power indices; C-stability; minimal winning coalitions. 



1 Model Formulation 

During the inception of the computer industry, each company had to produce all the 
computer components: it had to manufacture the disk drives, memory chips, monitors, 
application softwares, and even its own graphics chips. And of course it had to do its 
own marketing. When Dell entered this industry, it took quite a different strategy: Dell 
did not create any component itself, but bought them from its partners. All they did 
was to concentrate on a brand-new marketing mode, the nowadays well known direct 
mode, which made it so close not only to the customers but also to the suppliers that 
its founder Michael Dell called Dell and its partners as virtually integrated. This new 
kind of cooperation was remarkably close to such an extent that virtually integrated 
companies could be seemed in a great sense as a big whole company. For a simple 
instance, the cooperation with the monitor supplier Sony was roughly like this: Sony 
put the brand of Dell on each monitor, and Dell told the third-party logistics company 
UPS to pick up the exact number of monitors they needed every day from the plant 
of Sony and to deliver them directly to the customers. No warehouse, no inventory, no 
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inefficient transportation, and even no quality testing. All liked in the same company. 
As we have seen, virtual integration made a great success, helping Dell grow into a $12 
billion company in just 13 years (1984-1997), and also bringing its partners large profit 
(for more information, see |.25]). 

From the aspect of division of labor, what Dell and its partner did is quite easy 
to understand: Intel is expert in making CPUs, Sony in Monitors, and Dell in market- 
ing. Working together, they provide excellent computers for customers and beat their 
competitors. This kind of specialization and complementary cooperation penetrate the 
whole economy of our society and play an essential role in the civilization of the human 
being. Back to the inception of the computer industry, our question is which companies 
would have been virtually integrated, should all of them have realized the power of vir- 
tual integration, as in time as Dell did? The interesting point of this problem is that it is 
not necessarily true that the perfect combination of companies, which could provide the 
best possible products to the customers and could surely beat their competitors, would 
have cooperated, since the better a company could produce a component, the more bar- 
gaining power in profit allocating it would have. Some company might be too powerful 
for others to be willing to cooperate with it. 

To make theoretical analysis possible, we put the problem with game theory terms 
by making the following assumptions. 

Assumption 1 (Player characterization). Each player is characterized by a ^T-dim 
non-negative vector, which is called its characteristic vector. The K independent di- 
mensions stand for all the main factors in evaluating a player. In the computer industry, 
for instance, they represent a company's abilities in making CPUs, monitors, etc., as 
well as its marketing and management; 

Assumption 2 (Cooperation rule). Each coalition is also characterized by a vector, 
whose components are the respective maximums of the corresponding components of 
the coalition members. This is a more concrete expression for specialization and com- 
plementary cooperation; 

Assumption 3 (Winning rule). The coalition with the greatest competitive power 
wins the game with a fixed total profit of 1 unit, and all the others lose with zero profit. 
And the competitive power of each coalition is measured simply by summing all the 
components of its characteristic vector With respect to research, the summation ap- 
proach is equivalent to the weighted summation approach; 

Assumption 4 (Profit allocation rule). How to allocate the profit among the potential 
winners is pre-given and known to all, players do not need to bargain about this during 
the process of coalition formation. In this paper, we adopt the proportional rule accord- 
ing to the powers of the winners, which can be measured by various power indices. 

Perfect information is also assumed. Formally, we are given a set of players = 
{pi,P2, • • ■ ,Pn]- Each player pj (1 < j < n) is characterized by a K-Am\ non-negative 
integral vector [p^j, pj, ■ ■ ■ , pJ). The integer requirement is for technical reason. For 
any coalition C, i.e. a subset of A^, we denote by QiC) = {qi(C), qiiC), • ■ ■ , qK{C)) - 
(max{pj : pj e C}, max{/7^ : pj e C], ■ • • , max(/:i^ : pj € C}) its characteristic vector, 
and q(C) - Yji<i<K Qi(C) its competitive power 

Suppose that n is the final coalition structure, i.e. tt is a partition of A^. C* is the 
winner of n, i.e. C* e n and q(C*) > q(C) for any other coalition C e n. According to 
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Assumption 4, the profit allocated to pi e C* is 

ip{pi,n)^ Oil 6(C), (1) 

where 0, is the power of p,, 0{C*) - Yipjec ^> ™d e {ss,bz,hp,dp]. {ss is short for 
Shapley-Shubik index, for Banzhaf index, hp for Holler-Packel index, and dp for 
Deegan-Packel index. The exact definitions will be given in Section 2.3). 

The main problem is to analyze which coalition structures are the most likely to 
form. Parallel to non-cooperative games, where an equilibrium is accepted as a solution 
or prediction, a stable coalition structure is seemed as the counterpart in coalition for- 
mation games. In Section 3, we will introduce a new kind of stability: the C-stability. 
Section 2 gives the preliminaries and related work. Section 4 & 5 are devoted to the two 
dimensional case; Section 6 finishes this paper with some concluding remarks. 

2 Preliminaries and Related Work 
2.1 Coalition formation games 

There are two ways to represent a cooperative game, the characteristic function form 
and the partition function form. The model of cooperative game in the characteristic 
function form was first formulated by von Neumann and Morgenstern in the monumen- 
tal work Theory of Games and Economic Behavior(1944, |34]). Formally, a cooperative 
game is characterized by a pair (A^, v), where is the set of players and v the charac- 
teristic function, which is a set mapping from 2'^ (the family of all the subsets of N) 
to the real field R, with a restriction that v(0) = 0. For any coalition C, viC) represents 
the payoff of C. The partition function form, which was introduced by Lucas and Thrall 
( Il22l ). is an extension of the characteristic function form: the payoff of any coalition is 
not determined by itself but by a coalition structure (a partition of A^) that contains this 
coalition. Obviously, the model in our paper is of the partition function form, though the 
value of a coalition is determined by a corresponding partition in an extremely simple 
way. 

In either model, there are three main research topics. As argued by Shenoy ( ll3TI ). 
the following two problems are closely related: (1) what will be the final allocation of 
payofi^s to each of the players; (2) which of the possible coalitions can be expected to 
form. The hardest topic is to study the two problems simultaneously ( II9I15I24I35II ). The 
second main topic is about how to allocate the payoff fairly while assuming that the 
coalition structure is fixed (|1 2 23 30|). And the third topic is to analyze which coali- 
tion structure can be expected while the payoff allocation rule is fixed. Games studying 
the third topic are called coalition formation games, to which our model belongs. 

In coalition formation games, an initial step is to determine an allocation rule. In the 
first attempts to study coalition formation games, Shenoy (|3r|) took various allocation 
rules: the individually rational payoffs, the core, the Shapley value and the bargaining 
set, while Hart & Kurtz ( II18I19II ) took the CS value. In this paper, we take the propor- 
tional rules according to their powers. 

Though various allocation rules, each of which suits for certain environments, ap- 
pear very differently, the ideas behind them are the same: besides joining a coalition 
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to which a player eventually belong, he has other choices. A fair allocation rule has 
to take those choices into consideration, as they embody his bargaining power. And it 
is fairly reasonable that the more bargaining power a player has, the more he should 
be allocated. Other criteria to evaluate the fairness of an allocation rule as well as the 
power assessing rule are all kinds of monotonicities. In Section 5, we will study one of 
them: local monotonicity. 

In coalition formation games, we expect that stable coalition structures are the ones 
to form. There are varieties of stabilities, compared with varieties of equilibria in non- 
cooperative games. Intuitively speaking, a stable coalition structure is the one that no 
players will benefit by deviating from it. Main stability concepts are the follows: Nash 
stability (Q), individual stability (Q), contractually individual stability (Q), and y- 
core stability ([18|), 6-core stability ( II18I ). 

Nash stability comes from the famous Nash equilibrium in non-cooperative games. 
It requires that no player will benefit if he leaves the original coalition to which he 
belongs and joins a new one. In this concept, there is no restriction for the players' 
movements. It is not appropriate to adopt Nash stability in this paper, because in our 
model any player's movement from outside of the potential winning coalition into it 
will be rejected unanimously by the original members as their interest will be harmed. 
In fact, if we do permit free movement, the only Nash stable structure is the one that 
contains merely the grand coalition A^, unless there is a really powerful player who can 
beat all the other players. This is quite unreasonable. 

To require that any player's movement into a coalition should not harm the original 
members gives the concept of individual stability, which was introduced by Bogomol- 
naia and Jackson (171) in studying the purely hedonic games. To further require that 
any player's movement should not harm members of the original coalition to which he 
belongs gives contractually individual stability. It's obvious that Nash stability implies 
individual stability, and individual stability further implies contractually individual sta- 
bility. Therefore, the grand coalition solution, which we would like to exclude, still 
remains in both concepts for our model. 

Compared with the above three stabilities, y-core stability and 5-core stability give 
consideration to the fact that a group of players may deviate together by forming a new 
coalition if they can benefit from doing so. The difference between the two concepts is 
that it assumes in the latter one that all the other players stay in their original coalitions, 
while in the former one it assumes that coalitions which are left by even one member 
break apart into singletons. Hart and Kurz ( I.18J ) remarked also that the (5-core stability 
applies especially to large games. Neither of the two solution concepts' existence on 
our model is guaranteed: it is not hard to check that the simple example with six players 
P\ - P2 - P'i - (1,0), p4 - ps - Pb - (0, 1), has no stable coalition structure, neither 
in the sense of y-core stability nor in the sense of (J-core stabihty, and with no regard to 
which of four the power indices is taken to measure the bargaining powers. 

All of the above concepts except the y-core stability assume that when a group of 
players (or merely one player) deviate from the original coalition structure, the other 
players remain unmoved. This assumption is really naive in our model. The affected 
coalition breaking apart into singletons is not reasonable in our model either This is the 
main reason why we have to define a new stability concept. 
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2.2 Weighted multiple majority games 



(N, v) is a simple game iff ( 1 ) v(S ) € {0, 1 ) for all S c N; (2) v(0) = 0, v(N) = 1 ; (3) 5 c 
T c N and v(S) = 1 imply v(T) = 1. In simple games, a coalition C is called a winning 
coalition (WC for short) if v(C) = 1, and a losing coalition otherwise. C is called a 
minimal winning coalition (MWC for short) if it is winning and any of its proper subset 
is losing. The family of all the WCs is written as 'WC, and the family of all MWCs 
is written as MWC. The model in our paper, the complementary weighted multiple 
majority game (C-WMMG for short), can be seemed as a simple game. Actually, in the 
C-WMMG, it is natural to define v(C) = 1 if q(C) > q(C^), and v(C) = otherwise, 
where C~ = N\C. Then the above concepts for simple games can be easily carried over 
to our model. We will use them as well as the notations throughout this paper 

The weighted majority game (weighted voting game, weighted simple game, weighted 
threshold game, WMG for short) is one of the most intensively studied cooperative 
game models. A WMG is usually represented by G = {q;ai,a2, ■ ■ ■ ,a„), where q is 
called the quota and aj the weight of player pj. The characteristic function is defined 
as: v(C) = 1 iff Yjpjec '^j - ^(C) = otherwise. 

Let Gi = iqi; p\, pI, ■ ■ ■ , pI) and G2 = (qi; p1,pI,- ■■ ,pI) he fwo WMGs. G = 
G\ X G2, the product of G\ and G2, is defined as v(C) = v\(C) x V2(C), where C is a 
coalition of the mutual player set A^, v, V] and V2 are characteristic functions of G, G\ 
and G2, respectively. The product of K WMGs is usually called a K- dim WMMG. 
The sum of K WMGs is similarly defined except that x in the definition is replaced by 
boolean +. The product and sum of WMGs are dual of each other, therefore they can be 
taken as the same model. 

Suppose that G - G\ + G2 + ■ ■ ■ + Gk is the sum of K WMGs, where qi = 
L(Zn ec P' )/^i + 1. It is not hard to see that v(C) = 1 is equivalent to 



It is easy to see that there is some symmetry in the two models, and this is why we 
named our model as C-WMMG. To have more knowledge about WMG and WMMG, 
please refer Taylor and Zwicker ( Ii33j ). 

2.3 Power indices 

How to measure the powers of players in WMGs is a very interesting topic and has rich 
applications in politics. There are mainly four ways: the Shapley-Shubic index ( Il32l ). 
the Banzhaf index (|5 1), the Holler-Packel index (or public good index, II6I21I ). as well 
as the Deegen-Packel index nJ2J ). 




while in the model of this paper, v(C) - I is equivalent to 




(3) 
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For all pj e A^, let AnVCj = {C e MWC : C 3 pj] and ^VCj = {C e OVC : C b 
Pj, C \ {pj} i 'WC}. The exact definitions of the four power indices are as follows. 



SSj — 



Ce'WC 



(|C|-1)!(«-|C|)! 
n! 



(4) 



(5) 



hpj = IM'WCjl, 



(6) 




(7) 



where the | ■ | is the cardinality of any set. 

Matsui and Matsui (|26 27 1) proved that all the problems of computing the Shapley- 
Shubik indices, the Banzhaf indices and the Deegan-Packel indices in WMGs are NP- 
hard, and there are pseudo-polynomial time dynamic programming algorithms for them. 
Deng and Papadimitriou ( |,13J ). who pioneered in the study of computational complex- 
ities for cooperative solution concepts, also proved that it is #P-complete to compute 
the Shapley-Shubik index. Matsui and Matsui (|2T|) also observed that Deng and Pa- 
padimitriou's proof can be easily carried over to the problem of computing the Banzhaf 
index. 

For a special case where q - L(Zii<j<n '?j)/2J + 1, which means that a coalition C is 
winning if and only if it can beat C , it can be observed from their proofs that all the 
above complexity results hold. It is still not hard to prove that computing the Holler- 
Packel index in WMGs, even in the same special case, is NP-hard, and the algorithm 
of Matsui and Matsui ( 1,27 J ) for computing the Deegan-Packel index can trivially be 
modified to compute the HoUer-Packel index, with a even lower time complexity. 

Computing all the four power indices in the two dimensional C-WMMGs, however, 
will be showed in Section 4 to be polynomially solvable. 



In this section, we will introduce a new stability concept; the C-stability. Our basic idea 
is as follows: once a group of players decide to leave their original coalitions and form 
a new coalition, all the other players will take actions to counterwork if this deviation 
harms them. Here actions may not definitely mean they form a whole coalition, because 
some of them may have not been harmed or some other coalition structure, consisting 
of the coalition formed by the deviating players, is better for some of them. Whatever, 
all the other players will start a new game again and form a new stable sub-structure, 
if it does exist. The deviating players, however, have already expected this reaction in 
advance. Therefore, we can define a structure as stable iff when any group of players 
deviate, all the other players will form a stable sub-structure, and some of the deviating 
player is not strictly better in this new structure compared with in the original one. There 



3 C-stability 
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is still another problem, what if there is no stable sub-structure for the other players? We 
assume that all the deviating players are quite conservative. If no stable sub-structure 
exists for the other players, they deviate iff all of them will be strictly better off in any 
situation. That is, no matter what sub-structure the others form, they will always be 
better off. 

As implied in the above argument, the concept of C-stability should be defined 
recursively. By ip we still denote the payoff allocation rule, i.e. ifipj, n) is the payoff 
allocated to player pj in the structure n. 

Definition 1. S T — N , S (^T — %, n\ andn^^ are partitions ofS and T, respectively. 
We define the C-stability ofn\ Itt^ or the C-stability ofn*^ w.r.t. n^, recursively as follows. 

(1) If\S \ < I, then tTjItTj is C-stable; 

(2) If\S\>2, then tTjItTj is C-stable iff there is no subset C ofS such that: 

ipipj, ni U (C) U 4*) > ifipj, 7t\ U tt^) (8) 

holds for all pj € C, tti € /ZiKtTj U [C]), where TTiKtTj U {C}) denotes the set of all the 
C-stable partitions ofS \ C w.r.t. U [C] if this set is non-empty, and it denotes the set 
of all the partitions ofS \ C otherwise. 

If tTjItTj is not C-stable and C is a coalition that satisfies inequality (O, we say that 
C blocks TT J . 

Definition 2. A partition n* ofN is said to be C-stable iff: 
(i) n* has a winning coalition, i.e. n* Pi 'WC + 0; 
{ ii) there is no subset C ofN such that: 

<p(pj,7TlU{C])>v(pj,7T*) (9) 

holds for all Pj e C, n\ e 77i \{C}, where 77i |{C) denotes the set of all the C-stable par- 
titions ofC^ w.r.t. [C] if this set is non-empty, and it denotes the set of all the partitions 
ofC^ otherwise. 

Tlieorem 1. n* is a C-stable structure ofN iff tt* has a member C* E MWC such that 
C* has the smallest sum of power, that is, 6{C*) - mm{9(C) : C e AtWC]. 

Proof. (<;=) Suppose that n* is not C-stable and it is blocked by C. By definition, 
(f(pj,7Ti U {C}) > (f{pj,n*) holds for all pj e C, Ji\ e 77i|{C). Therefore, C is the 
winner in ji\ U [C]. 

Further, C e 'WC. In fact, if q{C) < q{C'), then in the case /7i|{C} is the set of 
the C-stable partitions, each C-stable partition n\ must have a winner in tti U jC) since 
otherwise it will be blocked by C . This contradicts with C is the winner; In the case 
that 77i|{C} is the set of all the partitions of C , C will not be the winner in {C , C} 
either. If q{C) = q(C~), all the partitions of C will be C-stable w.r.t. {C}, and C is not 
a winner in {C~, C], still a contraction. 

Since C* G M^VC, we have C n C* 0. For any pj e C n C* , ip{pj,ni U {C}) = 
0j/6(C) < 6j/6(C*) - ipipj, tt"), a contradiction with C blocking tt*. 

(=>) By definition, n* has a winning coalition. Denote it by C*. Suppose 6{C*) > 
min{6l(C) ; C e MWC] and 6(C') = min{6i(C) ; C e AtWC). We prove that n* will 
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be blocked by C'. In fact, for any m e 77i|{C'}, C is the winner in m U {C } and for 
each pj e C', (pipj,ni U {C'}) = Oj/eiC') > OjieiC*) > <pipj,n*). This completes the 



Notice that C- stable coalition structures may not be unique and which one will actually 

form, if there exists more than one, depends on extra factors in the practice. And we 
are quite clear that C-stable coalition structures are really determined by the coalitions 
which are the MWCs with the smallest sums of power. Therefore, we also call this kind 
of coahtions C-stable coalitions. 

Remark 1. For the special one dimensional case, i.e. K = I, there is exactly one C- 
stable coaUtion: the one that contains all the players with the largest weights. 

Remark 2. We explain why we exogenously required that a C-stable coalition structure 
must have a winning coalition ((i) in Def. 2). In fact, if we delete this requirement, some 
extreme coahtion structures, which intuitively don't seem so stable, will be proved C- 
stable. For example, there are three players in total, pi = (1, l),p2 = i^,0),P3 = (0, 1), 
then {{p\ j, {p2}, {pi}] will be C-stable (in the sense that without condition (i)) and pi 
will be the winner. Note that {p\] is not a winning coahtion since q({p]]) = qilpi, Pa})- 
Two assumptions are needed to justify this extreme case: (1) pj and ps are friendly 
enough. Since the forming of {p2,P3] will harm pi (there will be no winner in the new 
coahtion structure), but will bring no benefit to themselves, they will not do it. (2) p\ 
trusts p2 and p^. In the real world, however, people are not always so friendly (like p2 
and Pi), either are they so risky (like pi). In this kind of situation, to be safe, pi usually 
will welcome the joining of another player. Assuming that all the players are relatively 
conservative, we added condition (i) in Definition 2. To require that a group of players 
will deviate only if all of them will be strictly better off (instead of at least one player 
be strictly better off and none of them be worse off) has the same explanation. 

Remark 3. It is easy to analyze that PoA (Price of Anarchy) of C-WMMG, which is 
defined as 



is exactly 0.5. In fact, in the one dimensional case, the optimal quahty to actual quahty 

ratio is always 1 and so is the PoA. In the two or higher dimensional cases, it is easy 
to see that ^'(A'^) > q{C) + q(C~) for any coalition C. Since q(C*) > q{C*~) in the C- 
stable coahtion structure, we immediately have q{C*) > Q.5q{N). To show the bound 
is tight, it suffices to see that in the simple case where there are only two players, 
p\ = (w, 0),p2 = (0, w - 1), q{C*)lq{N) = w/(2w - 1) — > 0.5, as w tends to infinity. 



4 Algorithms for the Two Dimensional Case 

This section is devoted to the computing issues of the two dimensional case. 



proof. 



□ 




(10) 
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4.1 Computing MWCs 

The following two concepts are from the classical literatures for WMGs. For any win- 
ning coaUtion C, pj e C is called a swing player (w.r.t. C) if C \ [pj] is losing. If C \ {pj] 
is still winning, pj is called a null player (w.r.t. C). Trivially, all the players in an MWC 
are swing players. 

The next two concepts are new. Denoting by A,(C) - {pj e C : p^j - qi(C)}, 
i = l,2, and B(C) = Ai(C) U A2(C), we call players in B(C) busy players (w.r.t. C) and 
players in C \ B(C) idle players (w.r.t. C). Notice that it is possible that C has more than 
two busy players, and it is also possible that C has only one busy player We also let 
A(C) = Ai(C) X A2(C) - {(pj^ , pj^) : pj^ e Ai,pj^ e A2). The next example shows that, 
very interestingly, a busy player in a winning coalition C may not be swing, at the same 
time, however, C may have a swing player who is idle. 

Example!. There are four players in total: pi - (3,3), p2 = (4,0),/73 = (0,2), p4 - 
(5,0). Then C = {pi,p2,P3] is a winning coaUtion. Obviously, p2 is busy in C but not 
swing, while ps is both idle and swing in C. 

Lemma 1. Each winning coalition includes at least one MWC. 

Proof. This property is straightforward as for each winning coalition we can dump the 
nuU players, if any, one by one until each of the remaining players are swing. □ 

The next lemma is obvious. 
Lemma 2. For each winning coalition C, either Ai{N) Q C orA2{N) c C. □ 
Therefore, we can divide M'WC into three sub-collections: 

AnVCl = {C e MWC : Ai(AO c C, A2(A0 n C = 0}, (11) 
AYWC2 = {C e JWWC : A2(A^) c C, Ai(A?) n C = 0), (12) 
MWC3 = {C e MWC : Ai{N) n C 9^ %A2{N) r\Ci^%). (13) 
It's easy to see that: 

MWC3 = {AiiN) D{x}:xe AiiN)} U {A2iN) U {x} : x e Ai(A?)), (14) 

\M'WC3\ < mi + m2, (15) 

where mi = |Ai(A')|, m2 = \A2(N)\. 

We denote by M the set of all the idle players in the grand coalition N, i.e. M = 
N \ B{N). We let m = \M\, and re-index all the players in M as pi,p2, ■•■,Pm such that 

p\>p\>--->pI. (16) 

Let MWCli = {C e MWC : Ai(C) = Ai{N),pi e A2(C)], for i = 1,2, • • We 
claim that \ AfWCli\ < 1. In fact, it has only one potential member 

Cu=AiiN)U{pi]UDu, (17) 

where 

Du = [p, : pI + q2(N) >pr+ qiiN), l<t<m]. (18) 
Notice it may be true that pi € Du. 
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Lemma 3. Ci, € AVWCli iffCn is a winning coalition and pi is both swing and busy 
in Cu, 1 < / < m. 

Proof. The necessary part is obvious, so we only have to show the sufficient part. As 
C\i is winning and all its players are swing, we have Ci, e MWC. Together with p,- is 
busy in Ci,, we complete the proof. □ 

Similarly, we let M'WCli = {C e M'WC : A2(C) = A2{N),pi e Ai(C)), for ; = 
1,2, ■ ■ • ,m, and M'WC2i has only one potential member 

Cii = A2{N) U [pi] U D2i, (19) 

where 

D2i = {p, : p? + qi(N) > p] + q2(N), l<t<m). (20) 

Similar to Lemma 3, we have parallel result for C2,. 

Due to the above analysis, an 0{n^) algorithm can be simply designed by roughly 
enumerating. To further reduce the time complexity, we need to explore more prop- 
erties. Before describing our algorithm, we first present a tight upper bound for the 
number of MWCs. 

Theorem 2. \MWC\ < n + 1. 

Proof. In the case that Ai(A^) n A2{N) + 0, AVWC has at most two members: Ai(N) 
and A2(N), and the theorem holds. So we assume later that Ai(A^) n A2(N) - 0. 

Let T = {pi e \ B(N) : \MWC\i\ = |MWC2,| = 1). For arbitrary pi,pj € T, we 
will show that p' + pj implies p^ - pj. If not, without loss of generality, we assume 
that p] > pJ. MWClj + tells us that if q\(N) + p]> q2(N) + pj, then p] < pj. Since 
p' > pj, we have 

^i(A^)+p2<^2(A^)+pj. (21) 
By the above inequality and AtWCli + 0, we have p j e Ci, and pj < pj. Therefore, 

qm + pj < qiiN) + p] . (22) 

Since AVWClj + 0, inequahty (|22]l tells us that p] < pj. Thus, pj - pj. 

Similarly, pj + pj implies p' = pj. Hence, all the members in T have one identical 
dimension. Without loss of generality, we assume that their second dimensions are the 
same. For arbitrary p/,pj e T, suppose that MWCm + MWC\ j, next we will show 
that M!WC2i = hVWC2j- Remember that pj = p^. 

Since MWCl; = {Ci,),MWCl; = {Ci;}, mVcI; + MWClj means that d, ?t 
Cij. As pj - pj, we have pj i Cu. That is, 

pj+^2(A^)<p2 + ^i(A^). (23) 

From the above inequality, we immediate have p,- € C2/. Therefore, p] < pj. Since 
pj - pj, we have 

p] + qiiN) <pj + qm- (24) 
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Inequality tells us that pj e €2, and /jj < pj. Together with € C2; and p^? < pj, 
we have /:>' = and hence C2, = €2]- 

According to the above property, either AiWCn = MWC\j holds for all pi, pj e T, 
or AinVC2, = M'WC2j holds for all E T. Therefore, 



[JiM'WCljUM'WClj) 

pj€T 



<\T\ + 1. 



(25) 



For the case Ai(N) is winning or A2(N) is winning, the theorem is trivially true. So 
we assume that q(Ai(N)) < q(N \ Ai(N)) and q(A2(N)) < q(N \ A2(N)). Therefore, 
M'WCl = Ui<><m M'WClj and M'WCl = Ui<;<,„ MWClj. Finally we have: 



\M^C\ 

IM'WCl U M'WCl U M^C3| 



y (M^Clj U MWC2;) 



1 <J<m 



+ \AnVC3\ 



PjiT 

<(m- \T\) + (|r| + 1) + mi + m2 
- n + 1 



{JiM-WajD MWClj) 

pjeT 



(26) 
(27) 

(28) 



+ mi + m2 (29) 

(30) 
□ (31) 



The next example illustrates that the upper bound in the above theorem is tight. 

Example 2. There are 4 kinds of players: (1) 4 huge players: p\ - p2 - (n^,0),p3 = 
P4 = (0, n^); (2) f - 1 left players: x, = (f, 0), = (f - 1, 0), ■ ■ ■ , X2 = (2, 0); (3) f - 1 
r;g/if players: = (0,f),3'f-i - (0,f-l), ■■■ ,y2- (0,2); (4) 1 versatile player z = (1, 1). 
Ai(N) = {/7i,/?2!, A2(N) = {/73,p4}; IMWC3I = 2 + 2 = 4; For each of the left player 
Xj,2 < j <t, M'WClxj = and C2x, = {p3,p4,-s:>,3'/,3'/-i, • • ■,}';} e A1WC2; For each 
of the right players yj, 2 < j < t, M'WCly. - and Cij. . - {pi, P2,yj, Xi,x,-i, - ■ ■ , xj] € 
MTVCl; For the versatile player z, C^ - [z, pi, P2,Xt,Xt-i, ■■■,X2] e M'WCl and 
C2z = {z, Pi, P4,yt,yt-\, • ■ • ,3'2} £ M'WCl. Therefore, there are n = 2f + 3 players and 
IMnVCI = 4 + 2(f - 1) + 2 = « + 1. 

Just as observed in the the proof to Theorem 2, the Ai(A^) nA2(A^) 7^ case is trivial, 
so we only discuss the case Ai(N) n A2(N) - 0. 

For each player pi e M, I < i < m, we give him a second index /(/), such that 

Pr\i)^Pr\2) ^■■■^Plnmy ^^2) 

where pi-\i) denotes the player in M whose second index is /, 1 < / < m. 

It is easy to see that players in Du, if Du is not empty, have continuous indices. To 
be exact, let xii) - max{j : pj e Du), we have Du - [pj : I < j < x{i)]. Therefore, 
Du can be nicely determined by x(i). If Du = 0, we simply let x(i) - 0. Similarly, let 
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^(0 = max{/(y) : pj e D2,}, we have D2/ - {pi-'{j) y(i)}- And if D2/ - 0, we let 

yd) = 0. 

By indexing, the next inclusion relations are obvious: 

C I>i;-i(2) £ • • • c Dii-n^f, (33) 
Z)2i c D22 c • • • c D2™. (34) 

Equivalently: 

x(r'(l)) < x(Z-'(2)) < ■ ■ • < x(r\m)), (35) 

y(l)<y(2)<---<y(m). (36) 

Due to the above relationships, jic(/)s and 3'(;)s can be computed in 0(m) time. Let 
ri(0 = max{pj : I < j < i,xij) + i\ and nii) = max{/?|_,^^.j :!<;'< i,y(rHj)) + 'A, 
I < i < m. Therefore, qiiDn \ {/?,}) - ri(x(i)) and qi(D2i \ [pi]) - r2(y(i)). It is not 
hard to see that computing all the ri(Os and r2(0s can be done in 0{m) time. Similar to 
Lemma 3, we have the following more concrete result. 

Lemma 4. Cn e MTWCli ijf the following three conditions hold: 

p?>max{ri(x(/)),^2(Ai(A^))}, (37) 

qm+p]>q{A2{N)), (38) 

qm + max{^2(Ai(A?)), ri(x(0)! < qiiN) + m3.x{q,{A2iN)Xp\i)^v.p]], (39) 
where /?^,_|_[ is defined as 0. 

Proof. Condition ( [37] i means that pi is busy in Ci,; Condition ( [38T l guarantees that Cu 

is winning; Condition (|39T l says pi is swing in Cu- □ 

The above lemma tells us that to determine whether Cu e M'WCl, or not takes con- 
stant time. Similar result holds for C2i- A valuable notice is that even if Cu e M'WCli 
and C\j € M'WCl y, it is still possible that Cu - C\j for / j. If this situation occurs, 
it must hold that pr - pj. 

Lemma 5. Suppose that P^-,^j^ - = ■ • • = P^-'(jy 1 - ' < j ni, and Cu->(t) 6 

M'WCl for all i <t < j. 

(a) Cu-'(i) = Cu-Hi+i) = ■ • ■ = Cu-Hj) iffPi-Ht) ^ Du-\,) for some i<t< j; 

(b) Ci,-i(j) it Cu-'d), for alii < s,t < j,s t, ijfpt^n) i Du-'ay 

Proof. First of all, observe that all the Di;-i(,)S are the same, i < t < j. 

(a) We only have to show the sufficient part. In fact, Ci/-i(,) c Ci/-i(5) for any s + 
t,i < s < j. Since the two coalitions are both MWC, they can only be identical. 

(b) We only have to show the sufficient part. Otherwise, suppose that Cu-i^^) = 
Cu-t(t) for some s t. This implies that e Du-i(t)- According to (a), we have 
Cu-Hi) - ^u-\i+\) - ■■■ - Cxi-\(j), a contradiction. □ 

According to the above discussions, M'WCl and M'WCl can be computed in 0{m) 
time. Since M'WC'i is trivial, the algorithm for computing all the MWCs can be easily 
designed. 
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Algorithm MWC 



step 1. Input A'; 

Compute Ai(AO, AiCAO as well as ^i(AO, qiiN), gi(A2(A0) and q2{Ai{N))\ 
\i A\{N) C\ A2{N) % 

output {Ai{N),A2{N)} and stop; 
endif 

step 2. Re-index all the players in M and calculate all the /0')s, 1 < j <m\ 
step 3. Compute all the x{i)s and y{i)s, I <i <m; 
step 4. Compute all the ri{i)s and riCOs, I <i <m; 
step 5. Compute AtWCl and M'WC2; 
step 6. Output AinVC. 

Theorem 3. AVWC can be computed in 0{n logn) time. □ 

4.2 Computing HoUer-Packel indices and Deegan-Packel indices 

As the Holler-Packel indices and Deegan-Packel indices are directly determined by 
AVWC, computing them is routine. The A \ (N) n AiCA^) 5^ case is trivial, so we assume 
that Ai(A^)nA2(A') = 0. We also suppose that AVWCl = {Cu-<(io^ Cu->(i2)' ' • ' ' 
MWCl = {C2j,,C2j2, ■■■,C2j„J, ii < i2 < ■■■ < ini, ji < h < ■■■ < Cii-Hh) + 
Cii-i(i,) for aWl < s,t <ni,s i= t, and C2j, i= C2j, for all 1 < s,t < n2,s t. 
For any 1 < j < m, we let 




(40) 



then 



\Cii\ = mi +xii) +nu- 



(41) 



Similarly, let 




(42) 



we have 



\Cu\ - m2 +y{i) + ^i2i- 



(43) 



The formulas for calculating Holler-Packel indices are as follows. 



Theorem 4. (a)Ifpje Ai(N), then 



hpj = ni + m2 + I; 



(44) 



(b)IfpjeA2{N), then 



hpj = n2+mi + \\ 



(45) 



(c)Ifpj e M, then 




(46) 
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where 

Tij = mm{k : 1 <k<nuj< x(r\k))], (47) 



and 



T2j = min{fe : 1 < < «2, < ^(y-t)), (48) 

_ jlif je {r'O'i), ri02), ■ ■ • , an-i A*!; = 1 fAQ. 

'^^j ~ [0 otherwise ' 

cr2, = P'V^':''''^''"'^"^'""'^^'^'^^ □ (50) 

' \0 otherwise 

Similarly, we have the following formulas for calculating Deegan-Packel indices. 
Theorems, (a) If pj e Ai(N), then 

dp - + + y - ■ (51) 

' mi + 1 m2 + 1 ^ OTi + x(/-i(ij)) + /^iz-i(,j ' 
(b) If p j e A2(N), then 



dpj^^^ + -^ + y ^ ; (52) 

mi + 1 mi + 1 m2 + Xj^) + yU2/, 



(c)Ifpi e M, f/ien 



c/p, = y : + y (53) 



mi + x{j) + 1 m2 + y{j) + 1 



n (54) 



Due to ( l35T l and ( |36] |. computing ti/s and T2/S can be done in 0{m) time. Since all 
the other parameters can obviously be computed in 0{m) time, we have 

Theorem 6. After computing AYWC, both computing Holler-Packel indices and Deegan- 
Packel indices can be done in 0{n) time. □ 



4.3 Computing WCs 

Unlike Holler-Packel indices and Deegan-Packel indices, which are based on MWC, 
Banzhaf indices and Shapley-Shubik indices rely on WC. To compute the latter two 
power indices, we should first consider the structure of 'WC. 

Similar to the way we deal with AfWC, we can divide 'WC into three sub-collections: 
WCl = {C € 'WC : Ai(N) c C,A2(N) n C = 0},nVC2 = {C e 'WC : A2(N) c 
C,Ai(N) n C = 0),nVC3 = {C e 'WC : Ai(N) nC * <d,A2(N) n C * d)}. We also 
lefWCli = {C e 'WC : Ai(C) = AiiN),pi e A2(C)), for/ = l,2,---,m. Obviously, 
'WCl = U !<,<„, 'WCli- The next result is also easy. 

Lemma 6. If pi = pi, then 'WCli, = 'WCli^; otherwise, 'WCli, n 'WCli, =0. □ 



14 



Suppose {M21, M22, ■ ■ • , M2„2) is a partition of M, such that players in the same 
subset have the same second dimensions and (72(^^21) > qiiMzi) > ■ ■ ■ > ^2(A^2n^)- Let 
Ml be a subset of M such that \Mi D M2s\ = 1 for all 1 < s < Mq. 

From Lemma 6, we know that 'WCl can be partitioned as {'WClj : pi e Mi ]. 

For all Pi e Mi, let 

'Wh = {Ci,- = Ai(N) U {p,) U Du : Ci; e e A2(Ci,)). (55) 

Notice that for any Ci, € 1V1„ /?,- may not be swing in Cu, and AVWClj Q "Wli. 
For all Pi e M, let 

£ii = {/jy e M \ Ci; : pj < p% (56) 
the next result is self evident. 

Lemma 7. OVCl; = ijf'Wli = 0; //IVl,- 0, f/ie„ -VVCl; = {Ci; UE:EQ Eu). □ 
Lemma 8. The family of Eu 's can be computed in 0{m) time. 

Proof For all /?,■ e M, let yi(/) = {j : x(i) + 1 < j < m,pj < pj], then E],- = {p; : 
j € yi,-,; 7i /). Due to it is easy to prove that7i,-i(,„) c yi,-i(;„_i) c ■ • ■ c yi,-i(i). 
Therefore, computing yi(0's and hence En's can be done in 0(m) time. □ 

Let nVl = Up.eM, nVl,-,then 
Theorem 7. 'Wl can be computed in 0{n log «) time. 

Proof Computing 'Wl is almost the same as computing AtWCl, except that (|39] | 
should be deleted in checking whether Cu e 'Wl, and Lemma 5 is useless. □ 

Similarly, we can define nVC2,-, Mi„ M2, W2„ £2/, "^^2, and parallel results hold. 
Since it is trivial to see that 

= (J {A,(N) U {pj} UC:pje A3^,(N), C c M), (57) 

'=1,2 

we have in fact shown that all the WCs can be computed in 0(n log «) time. 

4.4 Computing Banzhaf indices and Shapley-Shubik indices 

Computing Banzhaf indices and Shapley-Shubik indices are a litter more complicated, 
but basic ideas remain unchanged. 

Lemma 9. For any Cu U E e "WCl, where E e Eu, all the players in AiiN) U Du are 
swing and all the players in E are null. □ 

For any Cu e "Wl, and pj e Ci,, let bzij, "WCli) be the number of winning coali- 
tions in 'WCli such that pj is swing. Due to Lemma 7 and Lemma 9, the next result is 
obvious. 

Lemma 10. For any Cu e "Wl, if pj e Ai(N) U Du, then bz(j,'WCli) = 2l^"l; // 
Pj e Eu, then bz(f 'WCli) = 0. □ 
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In the case that i Du, calculating bz(i, TVCl,) needs more delicate analysis. For 
any WCl, ¥= 0, let 

£li = {C- :C€ "WCli, Pi is swing in C], (58) 

or equivalent, 

£h = [C = (Cu U Eu)- U [pi] UE:Ec Eu, q{C) > qiC')}, (59) 

then 

bz{i,'WCli) = \£h\. (60) 

We also let 

4 = [pj 6 Eu : p] > qiiiCu U £„■)- U {/,,})}, (61) 
Sli = {C = (Cii U EuT U {pi] DE:C€ Xl,, Ai(C) n £ = 0), (62) 
and for all pj e iJ^., 

Shj = {C = (Cii U U {pi} V)E:C& £h,pj e Ai(C) n £}, (63) 

then 

XI, = Sh U y Shj, (64) 

and for all pj e fij., 

MinSl,j = 0. (65) 

Let 

hi = {pj € Eu : g((Ci,- \ {pi}) U {p,}) < ^((Ci; U Eu)- U {p,})}, (66) 
II, = {pj € : p) > qMCu U EuT U {p,})), (67) 

then 

SI . = / {(Cr,- U {p,}) \ (Pu U /) : 7 c /i,. \ /*.) if c /i,. 
' otherwise 



and 

cOO _ f„. ^ cO . 

then for any p^- € E^. \ £°f , Si^- = 0, and therefore 



(68) 



For all Pj e E"., let 

hij = {Pk 6 Eu -.ki^j, q((Cu \ [pi]) U {pk]) < p] + ^2(A0}, (69) 
= {p, e £i, : p^ > p]], (70) 



4° = {p,e£?,:7*.c/i,,.}, (71) 



U Shj = U SI,-,-. (72) 
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For any pj, pk e Eu, if p) * pi, then 

mijnsiik = 0. 

For any 1 < < n^, let 

/J,. = {pk e Eli ■ q((Cii \ {pi}) U {pk}) < qi(Mu) + qiiN)}, 
III ^{pjeEu,Pj>qi(Mu)], 



if C\Mx, + 0, we have 



y Sl,v = {(Cr,. U {/,,}) \ (/*/ U /) : / c l\. \ /«, n Ml, ^ /}. 



(73) 

(74) 
(75) 

(76) 



_ , 1' and p'. = > ^ 
U otherwise " U 



1 ifE^;nMuQil\ill 

otherwise 



For all 1 < / < m, let = 
the next lemma is obvious. 
Lemma 11. For all pi e M, 

fe(/,WCl,-) = 5i/-2l^-\^y+ 2 (2lWI_p^..2lWH£??n^^...l). □ (77) 

i<j<«J 

Similarly, we define bzij, nVC2,), X2,-, £0, /a,-, /*,., S2/, ^2,7, /a,), Z^,,., 4'°, Z^, /j/' ^2/, P^, 
then results parallel to Lemma 9, Lemma 10, Lemma 1 1 hold. 

For any pj e N, bzij, 'WC3) is defined as the number of winning coalitions in 'WC3 
such that Pj is swing. Due to i5% . the next result is trivial. 

Lemma 12. (a) Ifpj e AiiN), then fe(;,nVC3) = (ot2 + 1)2'"; 
(b) Ifpj e A2(N), then bz(j, WC3) = (mj + 1)2™; 

fcj If Pj e M, then bzij, 'WC3) = 0. □ 

Let M* = {pi e Mi : Wl, 0) and M* = {pi e M2 : ^2, 0}. For any pj E AT, 
since 
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On- 



M;;WC3)+ 2 fe(;;wci,)+ 2 Mi'^C2,) 



(78) 



we have the following formulas for computing Banzhaf indices. 
Theorems. (a)Ifpj eAi(N), then 

( \ 
(m2 + 1)2"' + 2'^" 



bZj 

(bjIfpjeAxiN), then 

bZj 



1 

2«-i" 



PieM\ 



(79) 



1 

2^ 



(mi + 1)2'" + Yj 2'^"' 



(80) 
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(c)Ifpj e M, then 



yt=l,2D,inM;3pj 



(81) 



+ ^ /I,,. 5,,- • 2l''^\'.:'l + 2^ (2l'''\''/l - pj,. . 2l'i\^?l-l^]r^^i»l) ^ , (82) 

t=l,2 Y \<s<n'^ 

where Atj = ifpj e D^y n M*, and Atj = 1 otherwise. □ 

Computing Shapley-Shubik indices is quite similar. In fact, we have the following 
formulas. 



Theorem 9. (a)If pj € Ai(N), then 

{n - mi - 1 - ly.imi + [)] 



ss 



1=0 



(n -m2 - 1 - I)\(m2 + /)! 
' n\ 



^ ^ («-|Ci,|-/)!(|Ci,| + /-l) 



n\ 



(83) 
(84) 



(b)Ifpj&A2{N),then 

(n - OT2 - 1 - /)!(«! + 0! 



SS; = nil 



(=0 



n! 



(n-OTi - 1 -/)!(«! +/)! 



|£2,-l 



+ ^ (»-l<^2 ,l-/)!(|C2,| + /-l)!, 



n! 



(c)Ifpj e M, ?/ien 



SS; 



E Z Z 

t=i,2Z)„nA/^3Pj- ;=o 

(=1,2 



, (n-|Q,|-/)!(IQ,l + /-l)! 



n! 

(«-|Q,|-0!(|Q,| + /-!)! 
I n! 



(85) 
(86) 

(87) 
(88) 

(89) 



, V V r' (^-|Col-QKIQ,| + /-l)! ' 



;=() 



\i;j\i;j\-\i^nM,.\ 



in - \C,j\ - \E^ n M,,| - /)!(|C,^| + n M,,| + / - DP 
n! 



.(91) 



Theorem 10. Both computing all the Banzhaf indices and computing all the Shapley- 
Shubik indices can be done in 0{n^) time. 
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Proof. By binary search, ^j/s, /i,'s and /*.'s can be computed in 0(m\ogm) time. For 
any fixed /, /i,)'s and /j^'s can be computed in 0{m) time, so all the /i,)'s and /j^'s 
can be computed in O(nP') time. To check that whether /J".^ c I^j or not takes 0(m) 
time, so Zi^^'s can be computed in Oinr") time. /J .'s and /*v''s can be computed in 0(m^) 
time, .'s and pj .'s can be calculated in 0{m-) time. All the other parameters can also 
be similarly computed. After computing all the parameters, each Banzhaf index can be 
calculated in 0{m) time and each Shapley-Shubik can be calculated in 0{m^) time, so 
the theorem holds. □ 

Remark 4. It can be observed that players in A \ (N) have identical powers, if powers are 
measured by any of the four power indices. So do players in A2iN). 

4.5 Computing C-stable coalitions 

After computing AVWC and all the power indices, due to Theorem 2 and (|33]ld34]l, 
the MWCs with the smallest sum of powers can be found in 0{n) time. Combining 
Theorem 1 and discussions in the above subsections, we have the main result. 

Theorem 11. In the 2-dim C-WMMG, if powers are measured by Holler-Packel indices 
or Deegan-Packel indices, all the C-stable coalitions can be computed in 0(n log n); If 
powers are measured by Banzhaf indices or Shapley-Shubik indices, all the C-stable 
coalitions can be computed in 0(n^) time. □ 

5 Local Monotonicity 

In this section, we will prove that local monotonicity, which says that players with 
larger weighs have more power than the ones with smaller weights, holds for all the 
four power indices in the two dimensional complementary WMMGs. We note that in 
WMGs, this property is not shared by the Holler-Packel index or Deegan-Packel index, 
but by Banzhaf index and Shapley-Shubik index. 

First of all, it is trivial that this property holds for Banzhaf index and Shapley-Shubik 
index (for arbitrary dimension, in fact). To verify that it also holds for Holler-Packel 
index and Deegan-Packel index, we need two lemmas. 

Lemma 13. C e MWC, then the following properties hold: 

(a) 'ipj e C, either pj is busy in C or pj is busy in C U {pj}. That is, pj e B(C) U 
B(C U {pj}); 

(b) If C has an idle player, then either qi(C) < q\{C^) or q2(C) < q2(C^), and they 
can 't hold simultaneously; 

(c) If\Ai(C)\ > 2 and Alio ^ A2(C), then either qi(C) < qdC') or q2{C) < ^2(C"), 
and they can 't hold simultaneously. 

Proof, (a) If Pj is a busy player of C, the proof is finished. Otherwise, C e MWC 
implies q(C) > qiC') and q(C) = q(C \ {p j}) < q(C- U {pj}). Therefore, q(C- U {pj}) > 
qiC^), which means pj e B{C^ U [pj]). 

(b) Suppose that pj is an idle player of C, then q{C) < q{C^ U {pj}) and pj e 
B(C- U {pj]). Obviously, (pj, pj) i A(C" U {pj}). Thus, either q(C) < qiiC') + q2(pj) or 
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q(C) < q2(C )+qi(pj). Since g'(C) = qi(C)+q2(C) rndqiiC) > qi(pj),q2(C) > qiiPj), 
we have either q\{C) < qi{C^) or q2iC) < q2{C^)- It is trivial that they can't hold 
simultaneously, since C is a winning coalition. 

(c) Since \Ai{C)\ > 2 and Ai(C) ^ A2(C), we can take some pj e Ai(C) \ A2(C) 
such that q{C \ {pj}) = q(C). Since C e MWC, we have q{C) < qiC' U {pj]) and 
Pj 6 B(C" U {/?;)). Moreover, pj e Ai(C) \ A2(C) tells us that {pj, pj) i A(C" U {pj}). 
Thus, either qx{C) + q2(C) < qi(N \ C) + q2{pj) or qi(C) + ^2(C) < ^2(C-) + qi(pj). 
qi(C) > qi(pj) and q2(C) > q2iPj) give that either qi(C) < qi(C') or q2{C) < q2(C')- 
They can't hold simultaneously, since C is a winning coalition. □ 

Lemma 14. Ci,C2 e MWC and (pia,Pja) e A(Ci)nA(C2), then C\ - C2 if one of the 
following conditions holds: 

(a) \A{C,)\ = \ for some t e {1,2), i.e. Ai(C,) = WA2(Q) = 
f/7j |A,(Ci)| = |A,(C2)| = I for some te |1,2}. 

Proof, (a) Without loss of generality, we assume that t - \. Suppose that C\ + C2, then 
C2 e MWC and Ci is a winning coalition imply that C\\C2 + 0. Take some player 
Pka G Ci \ C2. Then pi^ is an idle player of C\ since and pj^ are the all non-idle 
players of C\. From Lemma 13(b), 

qk{C2) = qk(C\) < qk(Ci ) for some ^ e (1,2). (92) 

Ci is an MWC means that, for all pj € AkiC^): 

qiiPpPko)) = qkiCi) + pI;' = qiC^ U {pt,]) > q(Ci \ {pk„}) = q(C2). (93) 

As pkf, i C2 and €2 is a winning coalition, we have pj e C2. Therefore A|t(C[^) c C2, 
which further gives qk{C\) < qk{C2) and contradicts statement ( |92] l. 

(b) Without loss of generality, we assume that t - 1. If |A2(Ci)| - 1, we have 
Ci = C2 immediately from (a). So we assume later that |A2(Ci)| > 2. Since |Ai(Ci)| = 1, 
we haveA2(Ci) ^ Ai(Ci). 

Suppose C\ + C2, then Ci \ C2 0. Take any player e Ci \ C2. If ;?a:o is 
an idle player of Ci, the proof is done similar to (a). So we assume that pk„ is a busy 
player of Ci. We still have pi^^ e A2(Ci) \ {y] from Ai(Ci) = Ai(C2) - {pij and 
);eA2(Ci)nA2(C2). 

By Lemma 13(c), ^^(Ci) < qk(C'^) some k e {1,2}. Ci € tells us: 

q(C^ U {p,J) > q(Ci \ ipkj) = q(Ci) = q(C2). (94) 

If (Pko'Pko) e A(C7 U {pko)), we will have ^(p^J > q(Ci), and e Ai(Ci) = {/?,„}, 
which contradicts pk^ e Ci \ C2. Therefore, there exists some w e C^ such that 
qi{w,pka]) > q{C2). As ^ C2, we have w € C2 from the fact that C2 is a win- 
ning coalition. We further have w e Ai(C2). Since w + pi^, this is a contradiction with 
Ai(C2) = {pij. □ 

Theorem 12. p,„,pj„ € M i//7,„ < pj^, i.e. p]^ < p\^ and pi < p]^, then 6I,„ < 6jJor 
any 6 e [hp, dp}. In particular, pi^ — pj^ implies — Oj^. 
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Proof. We will show that there exists at most one C e AVWC that consists of but 
not pj^^, and if there does exist such C, we have at least one C* e AYWC that consists 
of pj^ but not 

Suppose that C € AVWC, pi„ e C and pj^ i C. By the definition of winning 
coalitions, it is obvious that (C U {pjj) \ {pij is winning. By Lemma 1, there exists at 
least one C e M'WC such that C* c (C U {pjj). It is straightforward that pj„ e C, 
Pi^ + C* and l/\C*\ > l/\C\. It suffices to show that there is at most one such C. 

Suppose that there is still another C € M'WC such e C and pj^ i C . < 
impUes that p,;, is a busy player in both C and C , that is p,;, e B(C) U B(C'). Without 
loss of generality, we assume that pig e A\(C). Since < /7j„ and pj„ i C, we still 
have Ai(C) = {/?,„|. 

We claim that p,,, 6 ^i(C) and thus Ai(C') = {/'(„l- Otherwise, we will have e 
A2(C') and thus AxiC') - {piJ. Since < and ^ C, it holds that (pi„,pi„) i 
A(C), there must exist some pk^ e C such that (pi„,pko) e A(c). Therefore (j'CC) = 
q({pi„, PkJ). Similarly, there exists some 77^^ such that {Pi^^,Pio) e A(C )) and q{C ) = 

qiiPio'P'ko^y Pko ^ P\ P'l ^ Pk' P'ko ^ ^ Pi^ ^ ^ ■ ^ ^ winning 

coalition tells us that 

q({Pi„PO] = qiC) > q(C-) > q{{pj„,p[j) > q{{Pk,pJ. (95) 

The last inequality holds because < pj„. As C is also a winning coalition and 
q(C') = qilp i„, p[j), wehave q({pi„, p[^) > q(C'-) > qHpj^, pk„]), which gives qi{pi^, pk J) > 
qiiP jo' Pko)), a contradiction with /?,„ < pj„. 

As C is a winning coaUtion, e Ai(C) and p,„ < pj^ imply that A2(C) = A2(A^). 
Since € Ai(C'), for the same reason we have A2(C') = A2iN). Therefore, A2(C) = 
A2(C'). Together with A, (C) = Ai(C') = {/?,„), we finally get C = C' by Lemma 14(b). 

As for the special case p,„ = pj^, it is straightforward that 61^ = Oj^ since we have 
both 6I,„ < 6>j„ and e^,, < e,,,. □ 

The next example shows that even if pi^ < pj^, that is pj^ < pj^ and p^^ < p^j^, it is 
still possible that 0{x) = d(y) for all 9 e [hp, dp, bz, ss}. 

Example 3. There are four players in total: pi = (10,2), /?2 = (2, 10), /?3 = (l,3),p4 = 
(2,4). Pi has only one MWC: {p\ , p^}, pn has only one MWC: {pi , pi). Therefore hp^ = 
hp4 = 1, and dps = dp4 = 1/2; 

P3 has only one winning coalition in which he is swing: {pi,p3], pi also has only 
one winning coalition in which he is swing: {p\,Pa}. Therefore bzs = bzA = 1/8 and 

= SS4 = 1/12, while Pi < p4. 

The next example shows that a player who is busy in the grand coalition A^, that 
is a player in B(N), may have smaller power than a player who is not, if powers are 
measured by HoUer-Packel index or Deegan-Packel index. 

Example 4. There are six players in total: p\ = (10,0),p2 = (0, 10), p3 = P4 = ps = 

(0,3), p(, = (3,0). p2 has 2 MWCs: [puPi] and {pi, P3, P4, Ps, PbY, P6 has 4 MWCs: 
{pi,P3,P6], {pi,P4,P6}, {pi,P5,P6} and{p2,P3,p4,P5,P6}- Therefore /ip2 = 2 <hp6 = 
4, and dp2 = 7/10 < dpe = 6/5. 
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The next example shows that Theorem 9 doesn't hold for the three or higher dimen- 
sional cases. 

Examples. There are five players in total: pi = (5,2, l),/?2 - (4, 0, 0),/?3 - p4 = 
(0,2,0),/?5 = (0,0,4).pi has2MWCs: {pi,P2}and {pupsY, pi has 3 MlVCs: {px,p2], 
{P2,P3,P5] and {p2,P4,P5]- Therefore /i/? I - 2 < hp2 - 3, wddp\ - I < dp2 = 7/6, 
while pi > p2- 

Remark 5. As opposed to the commonly accepted viewpoint that the violation of local 
monotonicity is a fatal drawback in power measuring. Holler and Naple dlSOl ) argue 
that it is this violation that reflects the real power of power measuring through power 
indices instead of directly by weights. 

6 Concluding Remarks 

For further research, an obvious direction is to discuss the higher dimensional cases. It 
is meaningful to analyze various other mono tonicities. In particular, counter examples 
can easily be constructed to show that new member monotonicity, which says that when 
a new member enters into the game, normalized powers (original powers divided by 
the total power) of initial players will not increase, is violated by all the four power 
indices. The paradox of redistribution, which says that a player's (normalized) power 
may decrease when its weight increases, will not occur in any of the four power indices, 
as conjectured by the authors. Does example similar to Example 4 exist for the Shapley- 
Shubik index and Banzhaf index is also an open question. 

It is well known that any simple game is equivalent to a WMMG, and this explores 
the dimension theory. In a similar way, we can show that every simple game is equiva- 
lent to a C-WMMG. Therefore, a similar dimension concept can be defined, and lots of 
problems are waiting to be studied. 

It is also interesting to apply C-stability to other coalition formation game models. 
We remark here that the idea of defining a stability concept recursively, as well as 
considering the counter actions of players, has been used by Barbera and Gerber {fE\) 
in defining the concept of durability for purely hedonic games. Since introducing their 
concept takes a large space, interested readers please refer the original paper. 
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